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Stability of the vanishing of the ∂b-cohomology under small
horizontal perturbations of the CR structure in compact
abstract q-concave CR manifolds
Christine LAURENT-THIE´BAUT
The tangential Cauchy-Riemann equation is one of the main tools in CR analysis
and its properties are deeply related to the geometry of CR manifolds, in particular the
complex tangential directions are playing an important role. For example it was noticed by
Folland and Stein [3], when they studied the tangential Cauchy-Riemann operator on the
Heisenberg group and more generally on strictly pseudoconvex real hypersurfaces of Cn,
that one get better estimates in the complex tangential directions. Therefore in the study
of the stability properties for the tangential Cauchy-Riemann equation under perturbations
of the CR structure it seems natural to consider perturbations which preserve the complex
tangent vector bundle. Such perturbations can be represented as graphs in the complex
tangent vector bundle over the original CR structure, they are defined by (0, 1)-forms with
values in the holomorphic tangent bundle. We call them horizontal perturbations.
We consider compact abstract CR manifolds and integrable perturbations of their CR
structure which preserve their complex tangent vector bundle. Since the Levi form of a
CR manifold depends only on its complex tangent vector bundle, such perturbations will
preserve the Levi form and hence the concavity properties of the manifold which are closely
related to the ∂b-cohomology. For example it is well known that, for q-concave compact
CR manifolds of real dimension 2n − k and CR-dimension n − k, the ∂b-cohomology
groups are finite dimensional in bidegree (p, r), when 1 ≤ p ≤ n and 1 ≤ r ≤ q − 1 or
n−k− q+1 ≤ r ≤ n−k. Therefore, for a q-concave compact CR manifold, this finiteness
property is stable by horizontal perturbations of the CR structure.
In this paper we are interested in the stability of the vanishing of the ∂b-cohomology
groups after horizontal perturbations of the CR structure.
Let M = (M,H0,1M) be an abstract compact CR manifold of class C
∞, of real dimen-
sion 2n− k and CR dimension n− k, and M̂ = (M, Ĥ0,1M) another abstract compact CR
manifold such that Ĥ0,1M is a smooth integrable horizontal perturbation of H0,1M, then
Ĥ0,1M is defined by a smooth form Φ ∈ C
∞
0,1(M,H1,0M). We denote by ∂b the tangential
Cauchy-Riemann operator associated to the CR structure H0,1M and by ∂
Φ
b the tangential
Cauchy-Riemann operator associated to the CR structure Ĥ0,1M.
A.M.S. Classification: 32V20.
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The smooth ∂b-cohomology groups on M in bidegree (0, r) and (n, r) are defined for
1 ≤ r ≤ n− k by:
H0,r(M) = {f ∈ C∞0,r(M) | ∂bf = 0}/∂b(C
∞
0,r−1(M))
and
Hn,r(M) = {f ∈ C∞n,r(M) | ∂bf = 0}/∂b(C
∞
n,r−1(M)).
If f is a smooth differential form of degree r, 1 ≤ r ≤ n− k, on M, we denote by fr,0
its projection on the space C∞r,0(M) of (r, 0)-forms for the CR structure H0,1M. Note that
if r ≥ n+ 1 then fr,0 = 0.
The smooth ∂
Φ
b -cohomology groups on M̂ in bidegree (0, r) and (n, r) are defined for
1 ≤ r ≤ n− k by:
H0,rΦ (M̂) = {f ∈ C
∞
0,r(M̂) | fr,0 = 0, ∂
Φ
b f = 0}/∂
Φ
b (C
∞
o,r−1(M̂))
and
Hn,rΦ (M̂) = {f ∈ C
∞
n,r(M̂) | ∂
Φ
b f = 0}/∂
Φ
b (C
∞
n,r−1(M̂)).
In this paper the following stability result is proved:
Theorem 0.1. Assume M is q-concave, there exists then a sequence (δl)l∈N of positive
real numbers such that, if ‖Φ‖l < δl for each l ∈ N,
(i) Hp,r−p(M) = 0 for all 1 ≤ p ≤ r implies H0,rΦ (M̂) = 0 when 1 ≤ r ≤ q − 2, in the
abstract case, and when 1 ≤ r ≤ q − 1, if M is locally embeddable,
(ii) Hn−p,r+p(M) = 0 for all 0 ≤ p ≤ n−k−r implies Hn,rΦ (M̂) = 0 when n−k−q+1 ≤
r ≤ n− k.
We also prove the stability of the solvability of the tangential Cauchy-Riemann equa-
tion with sharp anisotropic regularity (cf. Theorem 3.3).
Note that, when both CR manifolds M and M̂ are embeddable in the same complex
manifold (i.e. in the embedded case), a (0, r)-form f for the new CR structure Ĥ0,1M is
also a (0, r)-form for the original CR structure H0,1M and hence the condition fr,0 = 0
in the definition of the cohomology groups H0,rΦ (M̂) is automatically fulfilled. In that
case, Polyakov proved in [7] global homotopy formulas for a family of CR manifolds in
small degrees which immediately imply the stability of the vanishing of the ∂b-cohomology
groups of small degrees. In his paper he does not need the perturbation to preserve the
complex tangent vector bundle, but his estimates are far to be sharp.
Moreover Polyakov [8] proved also that if a generically embedded compact CR manifold
M ⊂ X is at least 3-concave and satisfies H0,1(M,T ′X|M ) = 0, then small perturbations
of the CR structure are still embeddable in the same manifold X. From this result and the
global homotopy formula from [7] one can derive some stability results for the vanishing of
∂b-cohomology groups of small degrees without hypothesis on the embeddability a priori
of the perturbed CR structure.
The main interest of our paper is that we do not assume the CR manifolds M and M
to be embeddable. In the case where the original CR manifold M is embeddable it covers
the case where it is unknown if the perturbed CR structure is embeddable in the same
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manifold as the original one, for example when the manifold M is only 2-concave. Finally
we also reach the case of the ∂b-cohomology groups of large degrees, which, even in the
embedded case, cannot be deduced from the works of Polyakov.
The main tool in the proof of the stability of the vanishing of the ∂b-cohomology
groups is a fixed point theorem which is derived from global homotopy formulas with sharp
anisotropic estimates. Such formulas are proved in [9], in the abstract case, by using the
L2 theory for the b operator and in [5], in the locally embeddable case, by first proving
that the integral operators associated to the kernels built in [1] satisfies sharp anisotropic
estimates, which implies local homotopy formulas with sharp anisotropic estimates, and
then by using the globalization method from [6]and [2].
1 CR Structures
Let M be a Cl-smooth, l ≥ 1, paracompact differential manifold, we denote by TM the
tangent bundle of M and by TCM = C⊗ TM the complexified tangent bundle.
Definition 1.1. An almost CR structure on M is a subbundle H0,1M of TCM such that
H0,1M ∩H0,1M = {0}.
If the almost CR structure is integrable, i.e. for all Z,W ∈ Γ(M,H0,1M) then [Z,W ] ∈
Γ(M,H0,1M), then it is called a CR structure.
If H0,1M is a CR structure, the pair (M,H0,1M) is called an abstract CR manifold.
The CR dimension of M is defined by CR-dim M = rkC H0,1M.
We set H1,0M = H0,1M and we denote by H
0,1M the dual bundle (H0,1M)
∗ of H0,1M.
Let Λ0,qM =
∧q(H0,1M), then Cs0,q(M) = Γs(M,Λ0,qM) is called the space of (0, q)-
forms of class Cs, 0 ≤ s ≤ l, on M.
We define Λp,0M as the space of forms of degree p that annihilate any p-vector on M
that has more than one factor contained in H0,1M. Then C
s
p,q(M) = C
s
0,q(M,Λ
p,0
M) is the
space of (0, q)-forms of class Cs with values in Λp,0M.
If the almost CR structure is a CR structure, i.e. if it is integrable, and if s ≥ 1, then
we can define an operator
∂b : C
s
0,q(M)→ C
s−1
0,q+1(M), (1.1)
called the tangential Cauchy-Riemann operator, by setting ∂bf = df|H0,1M×···×H0,1M . It
satisfies ∂b ◦ ∂b = 0.
Definition 1.2. Let (M,H0,1M) be an abstract CR manifold, X be a complex manifold
and F : M → X be an embedding of class Cl, then F is called a CR embedding if
dF (H0,1M) is a subbundle of the bundle T0,1X of the antiholomorphic vector fields of X
and dF (H0,1M) = T0,1X ∩ TCF (M).
Let F be a CR embedding of an abstract CR manifold M into a complex manifold
X and set M = F (M), then M is a CR manifold with the CR structure H0,1M =
T0,1X ∩ TCM .
Let U be a coordinate domain in X, then F|
F−1(U)
= (f1, . . . , fN ), with N = dimCX,
and F is a CR embedding if and only if, for all 1 ≤ j ≤ N , ∂bfj = 0.
A CR embedding is called generic if dimC X− rkC H0,1M = codimR M.
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Definition 1.3. An almost CR structure Ĥ0,1M on M is said to be of finite distance to
a given CR structure H0,1M if Ĥ0,1M can be represented as a graph in TCM over H0,1M.
It is called an horizontal perturbation of the CR structureH0,1M if it is of finite distance
to H0,1M and moreover there exists Φ ∈ C0,1(M,H1,0M) such that
Ĥ0,1M = {W ∈ TCM | W = Z − Φ(Z), Z ∈ H0,1M}, (1.2)
which means that Ĥ0,1M is a graph in HM = H1,0M⊕H0,1M over H0,1M.
Note that an horizontal perturbation of the original CR structure preserves the complex
tangent bundle HM.
Assume M is an abstract CR manifold and Ĥ0,1M is an integrable horizontal pertur-
bation of the original CR structure H0,1M on M. If ∂
Φ
b denotes the tangential Cauchy-
Riemann operator associated to the CR structure Ĥ0,1M, then we have
∂
Φ
b = ∂b − Φyd = ∂b − Φy∂b, (1.3)
where ∂b is the tangential Cauchy-Riemann operator associated to the original CR struc-
ture H0,1M and ∂b involves only holomorphic tangent vector fields.
The annihilator H0M of HM = H1,0M ⊕ H0,1M in T
∗
C
M is called the characteristic
bundle of M. Given p ∈ M, ω ∈ H0pM and X,Y ∈ HpM, we choose ω˜ ∈ Γ(M,H
0
M) and
X˜, Y˜ ∈ Γ(M,HM) with ω˜p = ω, X˜p = X and Y˜p = Y . Then dω˜(X,Y ) = −ω([X˜, Y˜ ]).
Therefore we can associate to each ω ∈ H0pM an hermitian form
Lω(X) = −iω([X˜, X˜ ]) (1.4)
on HpM. This is called the Levi form of M at ω ∈ H
0
pM.
In the study of the ∂b-complex two important geometric conditions were introduced
for CR manifolds of real dimension 2n − k and CR-dimension n − k. The first one by
Kohn in the hypersurface case, k = 1, the condition Y(q), the second one by Henkin in
codimension k, k ≥ 1, the q-concavity.
An abstract CR manifold M of hypersurface type satisfies Kohn’s condition Y (q) at a
point p ∈M for some 0 ≤ q ≤ n−1, if the Levi form of M at p has at least max(n−q, q+1)
eigenvalues of the same sign or at least min(n− q, q + 1) eigenvalues of opposite signs.
An abstract CR manifold M is said to be q-concave at p ∈M for some 0 ≤ q ≤ n− k,
if the Levi form Lω at ω ∈ H
0
pM has at least q negative eigenvalues on HpM for every
nonzero ω ∈ H0pM.
In [9] the condition Y(q) is extended to arbitrary codimension.
Definition 1.4. An abstract CR manifold is said to satisfy condition Y(q) for some
1 ≤ q ≤ n− k at p ∈M if the Levi form Lω at ω ∈ H
0
pM has at least n− k− q+1 positive
eigenvalues or at least q + 1 negative eigenvalues on HpM for every nonzero ω ∈ H
0
pM.
Note that in the hypersurface case, i.e. k = 1, this condition is equivalent to the
classical condition Y(q) of Kohn for hypersurfaces. Moreover, if M is q-concave at p ∈M,
then q ≤ (n − k)/2 and condition Y(r) is satisfied at p ∈ M for any 0 ≤ r ≤ q − 1 and
n− k − q + 1 ≤ r ≤ n− k.
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2 Stability of vanishing theorems by horizontal perturba-
tions of the CR structure
Let (M,H0,1M) be an abstract compact CR manifold of class C
∞, of real dimension 2n−k
and CR dimension n− k, and Ĥ0,1M be an integrable horizontal perturbation of H0,1M.
We denote byM the abstract CR manifold (M,H0,1M) and by M̂ the abstract CR manifold
(M, Ĥ0,1M).
Since Ĥ0,1M is an horizontal perturbation of H0,1M, which means that Ĥ0,1M is a
graph in HM = H1,0M ⊕H0,1M over H0,1M, the space HM̂ = H1,0M̂⊕H0,1M̂ coincides
with the space HM and consequently the two abstract CR manifolds M and M̂ have the
same characteristic bundle and hence the same Levi form. This implies in particular that
if M satisfies condition Y(q) at each point, then M̂ satisfies also condition Y(q) at each
point.
It follows from the Hodge decomposition theorem and the results in [9] that if M
is an abstract compact CR manifold of class C∞ which satisfies condition Y(q) at each
point, then the cohomology groups Hp,q(M), 0 ≤ p ≤ n, are finite dimensional. A natural
question is then the stability by small horizontal perturbations of the CR structure of the
vanishing of these groups.
Let us consider a sequence (Bl(M), l ∈ N) of Banach spaces with Bl+1(M) ⊂ Bl(M),
which are invariant by horizontal perturbations of the CR structure of M and such that
if f ∈ Bl(M), l ≥ 1, then XCf ∈ B
l−1(M) for all complex tangent vector fields XC to M
and there exists θ(l) ∈ N with θ(l + 1) ≥ θ(l) such that fg ∈ Bl(M) if f ∈ Bl(M) and
g ∈ Cθ(l)(M). Such a sequence (Bl(M), l ∈ N) will be called a sequence of anisotropic
spaces. We denote by Blp,r(M) the space of (p, r)-forms on M whose coefficients belong to
Bl(M). Moreover we will say that these Banach spaces are adapted to the ∂b-equation in
degree r ≥ 1 if, when Hp,r(M) = 0, 0 ≤ p ≤ n, there exist linear continuous operators
As, s = r, r+1, from B
0
p,s(M) into B
0
p,s−1(M) which are also continuous from B
l
p,s(M) into
Bl+1p,s−1(M), l ∈ N, and moreover satisfy
f = ∂bArf +Ar+1∂bf , (2.1)
for f ∈ Blp,r(M) with ∂bf = 0.
Theorem 2.1. Let M = (M,H0,1M) be an abstract compact CR manifold of class C
∞, of
real dimension 2n − k and CR dimension n − k, and M̂ = (M, Ĥ0,1M) another abstract
compact CR manifold such that Ĥ0,1M is an integrable horizontal perturbation of H0,1M.
Let also (Bl(M), l ∈ N) be a sequence of anisotropic Banach spaces and q be an integer,
1 ≤ q ≤ (n − k)/2. Finally let Φ ∈ C
θ(l)
0,1 (M,H1,0M) be the differential form which defines
the tangential Cauchy-Riemann operator ∂
Φ
b = ∂b − Φy∂b associated to the CR structure
Ĥ0,1M.
Assume Hp,r−p(M) = 0, for 1 ≤ p ≤ r and 1 ≤ r ≤ s1(q), or H
n−p,r+p(M) = 0, for
0 ≤ p ≤ n − k − r and s2(q) ≤ r ≤ n − k and that the Banach spaces (B
l(M), l ∈ N) are
adapted to the ∂b-equation in degree r, 1 ≤ r ≤ s1(q) or s2(q) ≤ r ≤ n− k. Then, for each
l ∈ N, there exists δ > 0 such that, if ‖Φ‖θ(l) < δ,
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(i) for each ∂
φ
b -closed form f in B
l
0,r(M̂), 1 ≤ r ≤ s1(q), such that the part of f
of bidegree (0, r) for the initial CR structure H0,1M vanishes, there exists a form u in
Bl+10,r−1(M̂) satisfying ∂
φ
b u = f ,
(ii) for each ∂
φ
b -closed form f in B
l
n,r(M̂), s2(q) ≤ r ≤ n− k, there exists a form u in
Bl+1n,r−1(M̂) satisfying ∂
φ
b u = f .
Remark 2.2. Note that if both M = (M,H0,1M) and M̂ = (M, Ĥ0,1M) are embeddable in
the same complex manifold X, any r-form on the differential manifoldM, which represents
a form of bidegree (0, r) for the CR structure Ĥ0,1M represents also a form of bidegree
(0, r) for the CR structure H0,1M. Hence the bidegree hypothesis in (i) of Theorem 2.1 is
automatically fulfilled.
Proof. Let f ∈ Bl0,r(M̂) be a (0, r)-form for the CR structure Ĥ0,1M, 1 ≤ r ≤ s1(q), such
that ∂
Φ
b f = 0, we want to solve the equation
∂
Φ
b u = f. (2.2)
The form f can be written
∑r
p=0 fp,r−p, where the forms fp,r−p are of type (p, r − p)
for the CR structure H0,1M. Then by considerations of bidegrees, the equation ∂
Φ
b f = 0
is equivalent to the family of equations ∂
Φ
b fp,r−p = 0, 0 ≤ p ≤ r.
Moreover, if u =
∑r−1
s=0 us,r−1−s, where the forms us,r−1−s are of type (s, r− 1− s) for
the CR structure H0,1M, is a solution of (2.2), then
∂
Φ
b up,r−1−p = fp,r−p ,
for 0 ≤ p ≤ r − 1, and
fr,0 = 0 .
Therefore a necessary condition on f for the solvability of (2.2) is that ∂
Φ
b f = 0 and
fr,0 = 0, where fr,0 is the part of type (r, 0) of f for the CR structure H0,1M, and, to solve
(2.2), we have to consider the equation
∂
Φ
b v = g, (2.3)
where g ∈ Blp,r−p(M) is a (p, r − p)-form for the CR structure H0,1M, 0 ≤ p ≤ r − 1,
which is ∂
Φ
b closed. By definition of the operator ∂
Φ
b , this means solving the equation
∂bv = g +Φy∂bv. Consequently if v is a solution of (2.3), then ∂b(g +Φy∂bv) = 0 and by
(2.1)
∂b(Ar−p(g +Φy∂bv)) = g +Φy∂bv.
Assume Φ is of class Cθ(l), then the map
Θ : Bl+1p,r−1(M)→ B
l+1
p,r−1(M)
v 7→ Ar−pg +Ar−p(Φy∂bv) .
is continuous, and the fixed points of Θ are good candidates to
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Let δ0 such that, if ‖Φ‖θ(l) < δ0, then the norm of the bounded endomorphism Ar−p ◦
Φy∂b of B
l+1
p,r−p−1(M) is equal to ǫ0 < 1. We shall prove that, if ‖Φ‖θ(l) < δ0, Θ admits a
unique fixed point.
Consider first the uniqueness of the fixed point. Assume v1 and v2 are two fixed points
of Θ, then
v1 = Θ(v1) = Ar−pg +Ar−p(Φy∂bv1)
v2 = Θ(v2) = Ar−pg +Ar−p(Φy∂bv2).
This implies
v1 − v2 = Ar−p
(
Φy∂b(v1 − v2)
)
and, by the hypothesis on Φ,
‖v1 − v2‖Bl+1 < ‖v1 − v2‖Bl+1 or v1 = v2
and hence v1 = v2.
For the existence we proceed by iteration. We set v0 = Θ(0) = Ar−p(g) and, for n ≥ 0,
vn+1 = Θ(vn). Then for n ≥ 0, we get
vn+1 − vn = Ar−p(Φy∂b(vn − vn−1)).
Therefore, if ‖Φ‖θ(l) < δ0, the sequence (vn)n∈N is a Cauchy sequence in the Banach
space Bl+1p,r−1(M) and hence converges to a form v, moreover by continuity of the map Θ,
v satisfies Θ(v) = v.
It remains to prove that v is a solution of (2.3). Since Hp,r−p(M) = 0 for 1 ≤ p ≤ r, it
follows from (2.1) and from the definition of the sequence (vn)n∈N that
g − ∂
Φ
b vn+1 = Φy∂b(vn+1 − vn) +Ar−p+1∂b(g +Φy∂bvn)
and since
∂b(g +Φy∂bvn) = ∂bg − ∂b(∂b − Φy∂b)vn
= ∂bg − ∂b(∂
Φ
b vn)
= ∂bg − (∂
Φ
b +Φy∂b)(∂
Φ
b vn)
= ∂bg − Φy∂b(∂
Φ
b vn), since (∂
Φ
b )
2 = 0
= Φy∂b(g − ∂
Φ
b vn), since ∂
Φ
b g = 0,
we get
g − ∂
Φ
b vn+1 = Φy∂b(vn+1 − vn) +Ar−p+1(Φy∂b(g − ∂
Φ
b vn)). (2.4)
Note that since g ∈ Blp,r(M) and Φ is of class C
θ(l), it follows from the definition of the
vns that vn ∈ B
l+1
p,r (M) and ∂
Φ
b vn ∈ B
l
p,r(M) for all n ∈ N.
Thus by (2.4), we have the estimate
‖g − ∂
Φ
b vn+1‖Bl ≤ ‖Φy∂b‖‖(vn+1 − vn)‖Bl+1 + ‖Ar−p+1 ◦ Φy∂b‖‖g − ∂
Φ
b vn‖Bl . (2.5)
8 C. Laurent-Thie´baut
Let δ such that if ‖Φ‖θ(l) < δ, then the maximum of the norm of the bounded endomor-
phisms As ◦Φy∂b, s = r− p, r− p+1, of B
l
p,s−1(M) is equal to ǫ < 1. Assume ‖Φ‖θ(l) < δ,
then by induction we get
‖g − ∂
Φ
b vn+1‖Bl ≤ (n+ 1)ǫ
n+1‖Φy∂b‖‖v0‖Bl+1 + ǫ
n+1‖g − ∂
Φ
b v0‖Bl . (2.6)
But g−∂
Φ
b v0 = Φy∂bAr−pg+Ar−p+1(Φy∂bg) and hence ‖g−∂
Φ
b v0‖Bl ≤ ‖Φy∂b‖‖Ar−pg‖Bl+1+
ǫ‖g‖Bl . This implies
‖g − ∂
Φ
b vn+1‖Bl ≤ (n+ 2)ǫ
n+1‖Φy∂b‖‖Ar−p‖‖g‖Bl + ǫ
n+2‖g‖Bl . (2.7)
Since ǫ < 1, the righthand side of (2.7) tends to zero, when n tends to infinity and by
continuity of the operator ∂
Φ
b from B
l+1
p,r−1(M) into B
l
p,r(M), the lefthand side of (2.7) tends
to ‖g − ∂
Φ
b v‖Bl , when n tends to infinity, which implies that v is a solution of (2.3).
Now if f ∈ Bln,r(M̂) is an (n, r)-form for the CR structure Ĥ0,1M, s2(q) ≤ r ≤ n − k,
such that ∂
Φ
b f = 0, then the form f can be written
∑n−k−r
p=0 fn−p,r+p, where the forms
fn−p,r+p are ∂
Φ
b -closed and of type (n − p, r + p) for the CR structure H0,1M. Then to
solve the equation
∂
Φ
b u = f,
it is sufficient to solve the equation ∂
Φ
b v = g for g ∈ B
l
n−p,r+p(M) and this can be done in
the same way as in the case of the small degrees, but using the vanishing of the cohomology
groups Hn−p,p+r(M) for 0 ≤ p ≤ n− k − r and s2(q) ≤ r ≤ n− k.
Assume the horizontal perturbation of the original CR structure on M is smooth, i.e.
Φ is of class C∞, then we can defined on M̂ the cohomology groups
Ho,rΦ (M̂) = {f ∈ C
∞
o,r(M̂) | fr,0 = 0, ∂
Φ
b f = 0}/∂
Φ
b (C
∞
o,r−1(M̂))
and
Hn,rΦ (M̂) = {f ∈ C
∞
o,r(M̂) | ∂
Φ
b f = 0}/∂
Φ
b (C
∞
n,r−1(M̂))
for 1 ≤ r ≤ n− k.
Corollary 2.3. Under the hypotheses of Theorem 2.1, if the sequence (Bl(M), l ∈ N)
of anisotropic Banach spaces is such that ∩l∈NBl(M) = C
∞(M) and if the horizontal
perturbation of the original CR structure on M is smooth, there exists a sequence (δl)l∈N
of positive real numbers such that, if ‖Φ‖θ(l) < δl for each l ∈ N
(i) Hp,r−p(M) = 0, for all 1 ≤ p ≤ r, implies Ho,rΦ (M̂) = 0, when 1 ≤ r ≤ s1(q),
(ii) Hn−p,r+p(M) = 0, for all 0 ≤ p ≤ n − k − r, implies Hn,rΦ (M̂) = 0, when s2(q) ≤
r ≤ n− k.
Proof. It is a direct consequence of the proof of Theorem 2.1 by the uniqueness of the
fixed point of Θ.
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3 Anisotropic spaces
In the previous section the main theorem is proved under the assumption of the existence
of sequences of anisotropic spaces on abstract CR manifolds satisfying good properties
with respect to the tangential Cauchy-Riemann operator. We will precise Theorem 2.1 by
considering some Sobolev and some Ho¨lder anisotropic spaces for which global homotopy
formulas for the tangential Cauchy-Riemann equation with good estimates hold under
some geometrical conditions.
In this section M = (M,H0,1M) denotes an abstract compact CR manifold of class C
∞,
of real dimension 2n − k and CR dimension n− k.
Let us define some anisotropic Sobolev spaces of functions:
- S0,p(M), 1 < p <∞, is the set of Lploc functions on M.
- S1,p(M), 1 < p < ∞, is the set of fonctions on M such that f ∈ W
1
2
,p(M) and
XCf ∈ L
p
loc(M), for all complex tangent vector fields XC to M .
- S l,p(M), l ≥ 2, 1 < p <∞, is the set of functions f such that Xf ∈ S l−2,p(M), for all
tangent vector fields X to M and XCf ∈ A
l−1,p(M), for all complex tangent vector fields
XC to M .
The sequence (S l,p(M), l ∈ N) is a sequence of anisotropic spaces in the sense of section
2 with θ(l) = l + 1. Moreover ∩l∈NS
l,p(M) = C∞(M).
The anisotropic Ho¨lder space of forms S l,p∗ (M), l ≥ 0, 1 < p <∞, is then the space of
forms on M, whose coefficients are in S l,p(M).
We have now to see if the sequence (S l,p(M), l ∈ N) is adapted to the ∂b-equation for
some degree r.
The L2 theory for b in abstract CR manifolds of arbitrary codimension is developed in
[9]. There it is proved that if M satisfies condition Y(r) the Hodge decomposition theorem
holds in degree r, which means that there exist a compact operator Nb : L
2
p,r(M) →
Dom(b) and a continuous operator Hb : L
2
p,r(M) → L
2
p,r(M) such that for any f ∈
L2p,r(M)
f = ∂b∂
∗
bNbf + ∂
∗
b∂bNbf +Hbf (3.1)
Moreover Hb vanishes on exact forms and if Nb is also defined on L
2
p,r+1(M) then Nb∂b =
∂bNb.
Therefore if M satisfy both conditions Y(r) and Y(r+1) then (3.1) becomes an homo-
topy formula and using the Sobolev and the anisotropic Sobolev estimates in [9] (Theorems
3.3 and Corollary 1.3 (2)) we get the following result:
Proposition 3.1. If M is q-concave, the sequence (S l,p(M), l ∈ N) of anisotropic spaces
is adapted to the ∂b-equation in degree r for 0 ≤ r ≤ q − 2 and n− k − q + 1 ≤ r ≤ n− k.
Let us define now some anisotropic Ho¨lder spaces of functions:
- Aα(M), 0 < α < 1, is the set of continuous functions on M which are in Cα/2(M).
- A1+α(M), 0 < α < 1, is the set of functions f such that f ∈ C(1+α)/2(M) and
XCf ∈ C
α/2(M), for all complex tangent vector fields XC to M. Set
‖f‖Aα = ‖f‖(1+α)/2 + sup
‖XC‖≤1
‖XCf‖α/2 (3.2)
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- Al+α(M), l ≥ 2, 0 < α < 1, is the set of functions f of class C[l/2] such that
Xf ∈ Al−2+α(M), for all tangent vector fields X to M and XCf ∈ A
l−1+α(M), for all
complex tangent vector fields XC to M.
The sequence (Al+α(M), l ∈ N) is a sequence of anisotropic spaces in the sense of
section 2 with θ(l) = l + 1. Moreover ∩l∈NA
l+α(M) = C∞(M).
The anisotropic Ho¨lder space of forms Al+α∗ (M), l ≥ 0, 0 < α < 1, is then the space of
continuous forms on M, whose coefficients are in Al+α(M).
It remains to see if the sequence (Al+α(M), l ∈ N) is adapted to the ∂b-equation for
some degrees r.
Assume M is locally embeddable and 1-concave. Then, by Proposition 3.1 in [4], there
exist a complex manifold X and a smooth generic embedding E : M → M ⊂ X such
that M is a smooth compact CR submanifold of X with the CR structure H0,1M =
dE(H0,1M) = TCM ∩ T0,1. If E is a CR vector bundle over M, by the 1-concavity of M
and after an identification between M and M , the CR bundle E can be extended to an
holomorphic bundle in a neighborhood of M , which we still denote by E. With these
notations it follows from [5] that if M is q-concave, q ≥ 1, there exist finite dimensional
subspaces Hr of Z
∞
n,r(M, E), 0 ≤ r ≤ q − 1 and n − k − q + 1 ≤ r ≤ n − k, where
H0 = Z
∞
n,0(M, E), continuous linear operators
Ar : C
0
n,r(M, E)→ C
0
n,r−1(M, E), 1 ≤ r ≤ q and n− k − q + 1 ≤ r ≤ n− k
and continuous linear projections
Pr : C
0
n,r(M, E)→ C
0
n,r(M, E) , 0 ≤ r ≤ q − 1 and n− k − q + 1 ≤ r ≤ n− k ,
with
ImPr = Hr , 0 ≤ r ≤ q − 1 and n− k − q + 1 ≤ r ≤ n− k , (3.3)
and
C0n,r(M,E) ∩ ∂bC
0
n,r−1(M,E) ⊆ KerPr , 1 ≤ r ≤ q − 1 and n− k − q + 1 ≤ r ≤ n− k,
(3.4)
such that:
(i) For all l ∈ N and 1 ≤ r ≤ q or n− k − q + 1 ≤ r ≤ n− k,
Ar(A
l+α
n,r (M, E)) ⊂ A
l+1α
n,r−1(M, E)
and Ar is continuous as an operator between A
l+α
n,r (M, E) and A
l+1+α
n,r−1 (M, E).
(ii) For all 0 ≤ r ≤ q − 1 or n − k − q + 1 ≤ r ≤ n − k and f ∈ C0n,r(M, E) with
∂bf ∈ C
0
n,r+1(M, E),
f − Prf =
{
A1∂bf if r = 0 ,
∂bArf +Ar+1∂bf if 1 ≤ r ≤ q − 1 or n− k − q + 1 ≤ r ≤ n− k .
(3.5)
This implies the following result
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Proposition 3.2. If M is locally embeddable and q-concave the sequence Al+α(M), l ∈ N
of anisotropic spaces is adapted to the ∂b-equation in degree r for 1 ≤ r ≤ q − 1 and
n− k − q + 1 ≤ r ≤ n− k
Finally let us recall the definition of the anisotropic Ho¨lder spaces Γl+α(M) of Folland
and Stein.
- Γα(M), 0 < α < 1, is the set of continuous fonctions in M such that if for every
x0 ∈M
sup
γ(.)
|f(γ(t)− f(x0)|
|t|α
<∞
for any complex tangent curve γ through x0.
- Γl+α(M), l ≥ 1, 0 < α < 1, is the set of continuous fonctions in M such that
XCf ∈ Γ
l−1+α(M), for all complex tangent vector fields XC to M.
The spaces Γl+α(M) are subspaces of the spaces Al+α(M).
Note that by Corollary 1.3 (1) in [9] and Section 3 in [5] Propositions 3.1 and 3.2 hold
also for the anisotropic Ho¨lder spaces Γl+α(M) of Folland and Stein.
Let us summarize all this in connection with section 2 in the next theorem.
Theorem 3.3. If M is q-concave,
(i) Theorem 2.1 holds for Bl(M) = S l,p(M) with s1(q) = q−2 and s2(q) = n−k−q+1
in the abstract case,
(ii) Theorem 2.1 holds for Bl(M) = Al+α(M) with s1(q) = q−1 and s2(q) = n−k−q+1
when M is locally embeddable
(iii) Theorem 2.1 holds for Bl(M) = Γl+α(M) with s1(q) = q − 2 in the abstract case
and s1(q) = q − 1 when M is locally embeddable, and with s2(q) = n − k − q + 1 in both
cases.
Since in all the three cases of Theorem 3.3 we have ∩l∈NBl(M) = C
∞(M), Corollary
2.3 becomes
Corollary 3.4. Let M = (M,H0,1M) be an abstract compact CR manifold of class C
∞,
of real dimension 2n− k and CR dimension n− k, and M̂ = (M, Ĥ0,1M) another abstract
compact CR manifold such that Ĥ0,1M is an integrable horizontal smooth perturbation
of H0,1M. Let Φ ∈ C
∞
0,1(M,H1,0M) be the differential form which defines the tangential
Cauchy-Riemann operator ∂
Φ
b = ∂b−Φy∂b associated to the CR structure Ĥ0,1M. Assume
M is q-concave, then there exists a sequence (δl)l∈N of positive real numbers such that, if
‖Φ‖l < δl for each l ∈ N
(i) Hp,r−p(M) = 0, for all 1 ≤ p ≤ r, implies H0,rΦ (M̂) = 0, when 1 ≤ r ≤ q − 2 in the
abstract case and also for r = q − 1 if M is locally embeddable,
(ii) Hn−p,r+p(M) = 0, for all 0 ≤ p ≤ n − k − r, implies Hn,rΦ (M̂) = 0, when n − k −
q + 1 ≤ r ≤ n− k.
References
[1] M. Y. Barkatou and C. Laurent-Thie´baut, Estimations optimales pour l’ope´rateur de
Cauchy-Riemann tangentiel, Michigan Math. Journal 54 (2006), 545–586.
12 C. Laurent-Thie´baut
[2] T. Bro¨nnle, C. Laurent-Thie´baut, and J. Leiterer, Global homotopy formulas on q-
concave CR manifolds for large degrees, Preprint.
[3] G. B. Folland and E.M. Stein, Estimates for the ∂b-complex and analysis on the heisen-
berg group, Comm. Pure Appl. Math. 27 (1974), 429–522.
[4] C.D. Hill and M. Nacinovich, Pseudoconcave CR manifolds, Complex analysis and
geometry, V. Ancona, E. Ballico, A. Silva, eds., Marcel Decker, Inc., New-York, 1996,
pp. 275–297.
[5] C. Laurent-Thie´baut, Poincare´ lemma and global homotopy formulas with sharp
anisotropic Ho¨lder estimates in q-concave CR manifolds, Pre´publication de l’Institut
Fourier hal-00335229, arXiv 0810.5295 (2008), 1–15.
[6] C. Laurent-Thie´baut and J. Leiterer, Global homotopy formulas on q-concave CR man-
ifolds for small degrees, J. Geom. Anal. 18 (2008), 511–536.
[7] P. L. Polyakov, Global ∂M -homotopy with C
k estimates for a family of compact, regular
q-pseudoconcave CR manifolds, Math. Zeitschrift 247 (2004), 813–862.
[8] , Versal embeddings of compact 3-pseudoconcave CR-submanifolds, Math.
Zeitschrift 248 (2004), 267–312.
[9] M.-C. Shaw and L. Wang, Ho¨lder and Lp estimates for b on CR manifolds of arbitrary
codimension, Math. Ann. 331 (2005), 297–343.
Universite´ de Grenoble
Institut Fourier
UMR 5582 CNRS/UJF
BP 74
38402 St Martin d’He`res Cedex
France
Christine.Laurent@ujf-grenoble.fr
